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Abstract
We calculate the potential between \quarks" which are in the adjoint rep-
resentation of SU(2) color in the three-dimensional lattice theory. We work
in the scaling region of the theory and at large quark separations R. We
also calculate the masses M
Qg
of color-singlet bound states formed by cou-
pling an adjoint quark to adjoint glue (\gluelumps"). Good scaling behavior
is found for the masses of both magnetic (angular momentum J = 0) and
electric (J = 1) gluelumps, and the magnetic gluelump is found to be the
lowest-lying state. It is naively expected that the potential for adjoint quarks
should saturate above a separation R
scr
where it becomes energetically favor-
able to produce a pair of gluelumps. We obtain a good estimate of the naive
screening distance R
scr
. However we nd little evidence of saturation in the
potential out to separations R of about twice R
scr
.
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Introduction The formation of chromoelectric ux-tubes between static quarks has been
well established in lattice QCD simulations. However the physical mechanism underlying
connement remains to be understood, and there continues to be considerable interest in
investigations of detailed properties of heavy quark-antiquark (QQ) potentials [1] and ux-
tubes [2{4]. Of particular relevance both theoretically and phenomenologically is the process
of hadronization, or ux-tube breaking. Some evidence for hadronization of a QQ pair has
been obtained in nonquenced lattice QCD [4]; the elds in between the quarks were found
to be somewhat suppressed in a simulation with dynamical quarks, as compared to the
quenched theory. This is consistent with the naive expectation that the heavy quarks should
be screened at large R, where it becomes energetically favorable for the ux-tube to ssion,
with the creation of a pair of light valence quarks. However the lattices used in Ref. [4] were
too small to demonstrate complete screening of the QQ pair.
Further insight into the physics of connement and hadronization can be obtained from
an analysis of sources which transform in the adjoint representation of the color gauge group
[5{9]. The potential between a pair of adjoint \quarks" in SU(2) color has been shown to
increase with separation R out to a distance of at least 1.4 fm (where the scale is set by
the string tension for fundamental representation quarks) [8]. Flux-tube formation between
adjoint (\isospin" j = 1) quarks at modest separations has also been demonstrated [9],
and the ux-tube was found to have a similar cross-sectional structure as for fundamental
representation (j = 1=2) quarks.
On the other hand it is expected that a pair of adjoint quarks should not be permanently
conned. At large R the quarks should be completely screened, due to the spontaneous
creation of valence glue, which binds to each adjoint quark to produce a pair of color-singlet
quark-glue bound states (\gluelumps") [6{8]. The energetics of this \hadronization" process
should be controlled by the mass M
Qg
of the lowest-lying gluelump. Naively the potential
V
j=1
(R) between adjoint quarks is expected to saturate at a distance R
scr
determined by
[6{8]:
V
j=1
(R
scr
)  2M
Qg
: (1)
This screening hypothesis is expected to apply to the quenched pure gauge theory, where
screening of fundamental representation sources is absent. Results have been obtained for
the adjoint quark potential and gluelump masses in SU(2) lattice gauge theory in four
dimensions [6{8]. Although the adjoint quark potential is found to deviate appreciably from
linearity, results could only be obtained for R
<

R
scr
[8]; larger separations are required in
order to test Eq. (1). Some evidence for adjoint quark screening is also provided by lattice
calculations of the chromoelectric eld distributions [9].
To shed some light on this question we consider the naive screening hypothesis Eq. (1)
in three-dimensional SU(2) lattice gauge theory (QCD
3
). Lattice QCD
3
has proven to be a
useful laboratory for the study of the physics of connement [10{14]. In particular QCD
3
is a conning theory exhibiting ux-tube formation and a glueball spectrum. Hence it may
be expected that Eq. (1) would apply to QCD in both three and four dimensions.
The rst calculation of gluelump masses in QCD
3
is presented here [15], and we compute
the QQ potential for adjoint quarks to much larger R than has been previouly attained
[12]. These calculations likewise probe much larger R (compared to R
scr
) than has been
reached in four-dimensional QCD [8]. Good scaling behavior is found for the masses of
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the magnetic (angular momentum J = 0) and electric (J = 1) gluelumps, and the magnetic
gluelump is found to be the lowest-lying state. Our results provide for a stringent test of Eq.
(1). From our calculations we obtain a good estimate of the naive screening distance R
scr
.
However our results for the potential show little evidence of saturation out to separations
R of about twice R
scr
. This represents an interesting challenge to our understanding of the
hadronization process, given the basic asumptions that underlie the screening hypothesis of
Eq. (1), and merits further investigation.
Method Following Refs. [6{8] we extract gluelump masses using an adjoint Polyakov
line which is coupled at the two ends to spatial plaquettes. This is accomplished by the
following gauge-invariant operator (see Fig. 1):
G(T ) = Tr(U
0

a
)A
ab
(Q)Tr(U
y
T

b
); (2)
where Q denotes the Polyakov line of length T in the fundamental representation, which is
mapped into the adjoint representation by the operator A
ab
, given by [6]
A
ab
(Q) =
1
2
Tr


a
Q
b
Q
y

; (3)
with 
a
the Pauli matrices (a = 1; 2; 3). U
0
and U
T
denote linear combinations of funda-
mental representation spatial plaquettes that share a corner with the lower and upper ends
of the Polyakov line, respectively. Using the identity

a
ij

a
kl
= 2


il

jk
 
1
2

ij

kl

(4)
leads to an expression for G that is convenient for computation:
G(T ) = 2Tr

U
0
QU
y
T
Q
y

 Tr(U
0
)Tr(U
T
): (5)
For SU(2) we see in Eq. (2) that from the two combinations of plaquettes, e.g. U
0
 U
y
0
,
only the \ " contributes [6]; hence only negative charge-parity gluelumps exist.
In order to form an operator G in a denite representation of the cubic group in two
spatial dimensions, we use linear combinations of the four oriented spatial plaquettes that
share a corner with an end of the Polyakov line. The linear combination in Fig. 2(a)
has a symmetry direction perpendicular to the two-dimensional spatial plane, and in the
continuum limit should excite a scalar (\magnetic") gluelump. The linear combination in
Fig. 2(b) has symmetry direction up and down the page, and is to be identied with a vector-
like (\electric") gluelump (another linear combination with symmetry direction across the
page would excite the other degenerate vector state). We obtain the gluelump masses M
Qg
from the T !1 extrapolation of the following time-dependent estimates:
M
Qg
(T ) =   ln
"
G(T )
G(T   1)
#
: (6)
A dramatic enhancement in the overlap of G with the lowest-lying state can be achieved
by using nonlocal or \fuzzy" plaquettes. Given a set of links U

(x), a corresponding set of
\fuzzy" links
e
U
1

(x) is constructed according to [16]
3
eU
1
6=0
(x) = N
2
4
cU

(x) +
X
 6=;0
U

(x)U

(x+ ^)U
y

(x+ ^)
3
5
; (7)
where c is a positive constant, and N is an arbitrary normalization (conveniently chosen
so that det
e
U
1
= 1). This procedure can be iterated. The number of iterations and the
parameter c are chosen \empirically" so as to minimize the T dependence of M
Qg
(T ). In
order to preserve a transfer matrix fuzzing is applied only to spatial links ( 6= 0) [16]. The
fuzzy plaquettes used in Eq. (5) are path ordered products of four fuzzy spatial links.
We also calculate the QQ potential for quarks in both the adjoint (j = 1) and funda-
mental (j = 1=2) representations. The QQ pairs are excited using Wilson loops W
j
in the
two representations
W
j
(R;T ) 
1
2j + 1
Tr
8
<
:
Y
l2L
D
j
[U
l
]
9
=
;
; (8)
where L denotes the closed loop, and D
j
[U
l
] is an appropriate irreducible representation of
the link. Fuzzy spatial links are used in Eq. (8). W
1
is computed using relations amongst
the group characters, which imply W
1
= (4W
2
1=2
  1)=3. The potentials for quarks in the
two representations are obtained from an extrapolation of the time-dependent estimates:
V
j
(R;T ) =   ln
"
W
j
(R;T )
W
j
(R;T   1)
#
: (9)
A signicant enhancement in the signal to noise is obtained by making an analytical
integration on the time-like links in the Polyakov line and in the Wilson loop [17]:
Z
[dU
l
]D
j
[U
l
]e
 S
=
I
2j+1
(k
l
)
I
1
(k
l
)
D
j
[V
l
]
Z
[dU
l
]e
 S
; (10)
where S is the standard Wilson action, and k
l
V
l
is equal to the sum of the four \staples"
coupling to the link U
l
(detV
l
 1 and k
l
 0).
Results Magnetic and electric gluelump operators G(T ) were calculated for T = 1 to 7
on 40
3
lattices at  = 6, 8, 10 and 12. 800 measurements were made on each lattice. 40 heat
bath sweeps were made between measurements, yielding integrated autocorrelations times

int
<

0:5. Ten iterations of the fuzzing procedure Eq. (7) were used, with c = 2:5. Figures
3 and 4 show results for the time-dependent estimates of the magnetic (angular momentum
J = 0) and electric (J = 1) gluelump masses, Eq. (6). Statistical errors were estimated
using the bootstrap method [18].
In order to estimate the systematic errors in the T ! 1 extrapolation of M
Qg
(T )
we performed a t to the transfer matrix, assuming that one excited state dominates the
extrapolation [1]:
G(T )
G(T   1)


T
0
+ b
T
1

(T 1)
0
+ b
(T 1)
1
; (11)
where 
0
= exp[ M
Qg
(T !1)] and 
1
=
0
= exp( M) with M the energy gap to the
rst excited state. Note that M
Qg
(T ) at any T provides an upper bound to the true mass.
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We tted Eq. (11) to our data for G(T ) with T generally in the range 1{5. Good quality
ts were obtained for the data at all four  values. To estimate the uncertainty in the tted
values of 
0
we performed a bootstrap analysis. We chose congurations at random from
the available data (with replacement), and for each such choice we repeated the t to Eq.
(11). The variance over roughly one thousand random selections provided an estimate 
0
of
the one standard deviation error in 
0
.
Figure 5 shows our results for the gluelump masses versus . In QCD
3
(which is super-
renormalizable)  = 4=(g
2
a), where the coupling constant g
2
has dimensions of mass. The
gluelump mass in physical units is therefore proportional to M
J
. The data points in Fig. 5
are upper limits (with statistical errors) given byM
Qg
(T ) at T = 5, except at  = 6 which is
taken from T = 4. The lower error bars are estimates of the systematic errors in the T !1
extrapolation of the masses, determined by   ln(
0
+
0
). The estimates of the masses scale
within errors, of better than about 10%.
We applied a similar analysis to our data for the Wilson loops. 4,000 measurements were
made of Wilson loops of dimension R T = 3 1 to 9 5 on a 32
3
lattice at  = 6, which
is within the scaling region for the potentials [12,14]. 20,000 measurements of Wilson loops
with R = 10 to 16 were made on a 40
3
lattice, also at  = 6. Between 20 and 40 heat bath
updates were made between measurments, again yielding 
int
<

0:5 (cf. Ref. [12]).
Results for the time-dependent estimates of the potentials, Eq. (9), are shown in Figs.
6 and 7. The fuzzing procedure is evidently very eective at ltering out the QQ ground
state. Systematic errors in the T !1 extrapolation were estimated by a t to the transfer
matrix, as in Eq. (11), using Wilson loop data with T in the range 1{3. A good check on
this procedure is provided by the fact that the tted functions agree with the Wilson loop
data for larger T within one or two standard deviations (however useful results for R  14
could only be obtained for T  3).
Figure 8 shows our results for the potentials as functions of R. The potentials are also
compared with twice the gluelump masses, shown in the right-hand box in Fig. 8. The
plotted points for the potential are upper limits (with statistical errors) given by the data
at T = 3. The lower error bars are the estimates of the systematic errors. The data for
the j = 1=2 quarks have been rescaled by the ratio of the Casimirs j(j + 1) of the two
representations, equal to 8=3.
The fact that V
j=1
(R) falls below 8=3V
j=1=2
(R) at large R can be interpreted as evidence
for partial screening of the adjoint quarks (the Casimir can be interpreted as the squared
\charge" of the quarks) [6{9]. However the screening is much less than is suggested by Eq.
(1), which implies a screening distance R
scr
of about 9 lattice units, based on the lightest
(magnetic) gluelump mass. This is to be compared with the fact that at R = 16 the adjoint
potential potential V
j=1
is still within about 10% of 8=3  V
j=1=2
.
This represents an interesting challenge to our understanding of the hadronization pro-
cess, given the basic asumptions that underlie Eq. (1), and merits further investigation. We
note that the calculations done here in QCD
3
probed much larger R (compared to R
scr
)
than has been reached in the four-dimensional theory [8]; hence there is as yet no evidence
for saturation of the adjoint quark potential in either theory. Some clarication of this
problem might be obtained in QCD
3
from an analysis of the gluelump spatial structure, the
interaction between a pair of gluelumps, and their mixing with a QQ pair (cf. Ref. [6{8]).
We are currently investigating these possibilities.
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FIGURES
FIG. 1. The gluelump operator G(T ). The double line represents the adjoint Polyakov
line.
FIG. 2. The combination of spatial plaquettes for (a) the magnetic gluelump and (b) the electric
gluelump. The lled circle represents the position of the Polyakov line.
FIG. 3. Time-dependent magnetic gluelump mass M
J=0
(T; ) for  = 6 (), 8 (), 10 (2), and
12 ( ).
FIG. 4. Time-dependent electric gluelump massM
J=1
(T; ). The plotted symbols are the same
as in Fig. 3.
FIG. 5. Magnetic (2) and electric ( ) gluelump masses versus .
FIG. 6. Time-dependent potential V
j=1=2
(R; T ) for fundamental representation quarks for
R = 4 (), 8 (), 12 (2) and 16 ( ).
FIG. 7. Time-dependent potential V
j=1
(R; T ) for adjoint representation quarks for R = 4 (),
7 (), 10 (2) and 13 ( ).
FIG. 8. QQ potentials versus separation R for j = 1=2 (2) and j = 1 ( ). The j = 1=2
potential has been rescaled by c
1=2
 8=3 (c
1
 1). The box on the right shows twice the magnetic
(4) and electric () gluelump masses.
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